In this paper we identify an ambiguous statement appearing in the Physics literature, called 'tetrad postulate' and which may produce nonsense if care is not taken. We identify the genesis of the 'tetrad postulate' and reveals the sources from where ambiguities arise. As an explicit example of the danger that the ambiguous´tetrad postulate' may produce we discuss the validity of a so called 'Evans Lemma' of differential geometry. We show that 'Evans Lemma' is a false statement, the proof offered by that author being wrong because it is unfortunately based on incorrect use of fundamental concepts of differential geometry and incorrect use of the ambiguous 'tetrad postulate'. Our main claim is proved with details, and we give an elementary counterexample to the 'tetrad postulate', in a very clear context. Our presentation, we believe is a very pedagogical way, so that any interested reader may follow it without a great effort. Our result proves that a 'generally covariant unified field theory', developed in a series of papers (see references) by the author quoted above is simply wrong, since he claims that his 'lemma' is the pillar of such theory. We take the opportunity to present a detailed derivation based on modern mathematical methods (including all necessary theorems) of the correct equations satisfied by the (co)tetrad fields θ a in General Relativity, since wrong equations for that objects appeared, e.g., in the series of papers (see references) dealing with the (wrong) Evans 'generally covariant unified field theory'. ∞ r,s=0 T r,s M , the tensor bun-1 These equations already appeared in [19, 21] , but the necessary theorems (proved in this report) needed to prove them have not been given there.
Introduction
In what follows we identify an ambiguous statement called 'tetrad postulate' that appears in many places in the Physics literature (see e.g., [1, 6, 14, 22, 23, 24] , to quote only a few examples), and which if not used with care may certainly produce nonsense. We discuss the genesis of the´tetrad postulate' and clarify the only sense in which it is a meaningful statement. As an explicit example of a place where the tetrad postulate has been used in a wrong way we analyze the validity of the so-called 'Evans Lemma' of differential geometry. We show that the 'proof' of that 'Lemma' offered by Evans in the paper [6] (denoted by ME in what follows) is not valid, because there are errors coming from the fact that he confused and did not used correctly some fundamental differential geometrical concepts and moreover, he uses explicitly the ambiguous 'tetrad postulate' in a context where it cannot be applied. We explain all that in details in what follows. We observe also that in [6, 7, 8, 9, 10, 11] it is claimed that 'Evans Lemma' is the basic pillar of a (supposed) generally covariant unified field theory developed there. So, once we prove that 'Evans Lemma' is a wrong premise, all the theory developed in [6, 7, 8, 9, 10, 11] is automatically disproved.
We take the opportunity to present a detailed derivation 1 (including all the necessary mathematical theorems) of the correct differential equations satisfied by the (co)tetrad fields θ a in a Lorentzian manifold, modelling a gravitational field in General Relativity. This is done using modern mathematical tools, namely the theory of Clifford bundles and the square of the Dirac operator 2 , in order to compare the correct equations with the ones found, e.g., in ( [7, 8, 9, 10, 11] ) and which appears 3 as Eq.(49E) in ME.
Recall of Some Basic Results
In what follows M is a real differential manifold [25] with dim M = 4 which will be made part of the definition of a spacetime (whose points are events) of General Relativity, or of a general Riemann-Cartan type theory. As usual we denote the tangent and cotangent spaces at e ∈ M by i T * M , denote respectively the bundles of (nonhomogeneous) multivector fields and multiform fields.
Remark 1 It is important to keep in mind, in order to appreciate the comments presented in the next section, that T e M and T * e M are 4-dimensional vector spaces over the real field R, i.e., dim T e M = dim T * e M = 4. Also note the identifications 0 T e M = 0 T * e M = R, 1 T e M = T e M and 1 T * e M = T * e M . Keep also in mind that dim i T e M = dim i T * e M = 4 i . More details on these structures will be given in Section 6, where they are be used.
To proceed we suppose that M is a connected, paracompact and noncompact manifold. We give the following standard definitions.
Spacetimes
Definition 2 A Lorentzian manifold is a pair (M, g), where g ∈ sec T 2,0 M is a Lorentzian metric of signature (1, 3) , i.e., for all e ∈ M , T e M ≃ T * e M ≃ R 4 . For each e ∈ M the pair (R 4 , g e ) ≡ R 1,3 is a Minkowski vector space [25] . Remark 3 We shall always suppose that the tangent space at e ∈ M is equipped with the metric g e and so, we eventually write by abuse of notation T e M ≃ T * e M ≃ R 1, 3 . Take into account also, that in general the tangent spaces at different points of the manifold M cannot be identified, unless the manifold possess some additional appropriate structure [3] .
Definition 4 A spacetime M is a pentuple (M, g, D, τ g , ↑) where (M, g, τ g , ↑) is an oriented Lorentzian manifold (oriented by τ g ) and time oriented by an appropriate equivalence relation 4 (denoted ↑) for the timelike vectors at the tangent space T e M , ∀e ∈ M . D is a linear connection 5 for M such that Dg = 0.
Remark 5 In General Relativity, Lorentzian spacetimes are models of gravitational fields [25] .
Definition 6 Let T and R be respectively the torsion and curvature tensors of D. If in addition to the requirements of the previous definitions, T(D) = 0, then M is said to be a Lorentzian spacetime. The particular Lorentzian spacetime where M ≃ R 4 and such that R(D) = 0 is called Minkowski spacetime 6 and will be denoted by M. When T(D) is possibly nonzero, M is said to be a Riemann-Cartan spacetime (RCST) . A particular RCST such that R(D) = 0 is called a teleparallel spacetime.
We will also denote by F (M ) the frame bundle of M and by P SO e 1,3 (M ) the principal bundle of oriented Lorentz tetrads.
On the Nature of Tangent and Cotangent Fields
Let U ⊂ M be an open set and let (U, ϕ) be a coordinate chart of the maximal atlas of M . We recall that ϕ is a differentiable mapping from U to an open set of R 4 . The coordinate functions of the chart are denoted by x µ : U → R, µ = 0, 1, 2, 3.
Consider the subbundles T U ⊂ T M and T * U ⊂ T * M . There are two types of vector fields (respectively covector fields) in T U (respectively T * U ) which are such that at each point (event) e ∈ U define interesting bases for T e U (respectively T * e U ). 
Remark 8 Due to this equation mathematicians often write e µ = ∂ µ and sometimes even e µ = ∂ ∂x µ = ∂ µ . Also by abuse of notation it is usual to see (in physics texts) f • ϕ −1 written simply as f or f (x), and here we eventually use such sloppy notation, when no confusion arises.
Definition 9 coordinate basis for T * U . A set {θ µ }, θ µ ∈ sec T * U , µ = 0, 1, 2, 3 is called a coordinate basis for T * U if there exists a coordinate chart (U, ϕ) and coordinate functions x µ : U → R, µ = 0, 1, 2, 3, such that θ µ = dx µ .
Recall that the basis {θ µ } is the dual basis of {∂ µ } and we have θ µ (∂ ν ) = δ µ ν . Now, in general the coordinate basis {∂ µ } is not orthonormal, this means that if the pullback of g in T 2,0 ϕ(U ) is written as usual (with abuse of notation) as g = g µν (x)dx µ ⊗ dx ν then,
and in general the real functions g µν : ϕ(U ) → R are not constant functions. Also, if g ∈ sec T 0,2 M is the metric of the cotangent bundle, we have (writing for the pullback of g in T 0,2 ϕ(U ),
and the real functions g µν : ϕ(U ) → R satisfy
Tetrads and Cotetrads
Definition 10 orthonormal basis for T U . A set {e a }, e a ∈ sec T U , with a =0, 1, 2, 3 is said to be an orthonormal basis for T U if and only if for any
where the 4×4 matrix with entries η ab is the diagonal matrix diag(1, −1, −1, −1). When no confusion arises we shall use the sloppy (but very much used) notation η ab = diag(1, −1, −1, −1).
Definition 11 orthonormal basis for T * U . A set {θ a }, θ a ∈ sec T * U , with a =0, 1, 2, 3 is said to be an orthonormal basis for T * U if and only if for any
Recall that the basis {θ a } is the dual basis of the basis {e a }, i.e., θ a (e b ) = δ a b Definition 12 The set {e a } considered as a section of the orthonormal frame bundle P SO e 1,3 (U ) ⊂ P SO e 1,3 (M ) is called a tetrad basis for T U . The set {θ a } is called a cotetrad basis for T * U .
Remark 13
We recall that a global (i.e., defined for all e ∈ M ) tetrad (cotetrad) basis for T M (T * M ) exists if and only if M in Definition 4 is a spin manifold (see, e.g., [16, 17] ). This result is the famous Geroch theorem [12] .
Remark 14 Besides that bases, it is also convenient to define reciprocal bases. So, the reciprocal basis of {∂
is called the reciprocal basis of the basis {e a }. Finally, {θ a }, θ a ∈ sec T * U , a =0, 1, 2, 3 with g(θ a , θ b ) = δ b a is called the reciprocal basis of {θ a }. Now, consider a vector field V ∈ sec T U and a covector field C ∈ sec T * U . We can express V and C in the coordinate basis
and in the tetrad basis {e a }, {e a } and {θ a }, {θ a }by
3 Some Comments on Section 1 of ME Section 1 of ME is dedicated to give definitions of 'tetrads'. Unfortunately that section is full of misconceptions and misunderstandings, which are the origin of many errors in Evans papers. In order to appreciate that statement, let us recall some facts. First, recall that each one of the tetrad fields (as correctly defined in the previous Section, Definition 12 ), e a ∈ sec T U , a =0, 1, 2, 3, as any vector field, can be expanded using Eq. (7) in the coordinate basis {∂ µ }, as
Also, each one of the cotetrad fields {θ a }, θ a ∈ sec T U , a =0, 1, 2, 3, as any covector field, can be written as
Remark 15 The functions q µ a , q a µ : ϕ(U ) → R are real functions and satisfy
It is trivial to verify the formulas
Now to some comments. 
Of course, these unusual notations used to multiply scalar functions in the above equations must be understood as coming from the result of the correct mathematical operations,
i.e., we must identify
Now, the idea of associatingq ab µν , as defined in Eq.(18) with a gravitational field and a multiple of q a µ ∧ q b ν with an electromagnetic field already appeared in the old Sachs book [23] (see also Sachs recent book [24] ). The only difference is that Sachs introduces the fields q µ a , q a µ : ϕ(U ) → R as coefficients of what he thought were the matrix representations of quaternion fields. We recall here, that as showed in details in [18, 19] Sachs variables are not representations of quaternion fields, instead they are matrix representations of paravector fields. Anyhow, the important thing we want to recall here is that as showed in details in [18, 19] it is in general impossible to associate a general electromagnetic field F ∈ sec 2 T * M which satisfies Maxwell equations with q a µ ∧ q b ν . To see this, recall that we can write
Eq. (20) shows that (q a µ ∧ q b ν ) only can be the components of a very particular electromagnetic field. We recall moreover that given any F ∈ sec 2 T * M we can with-an appropriate local Lorentz transformation from the cotetrad {θ a } to cotetrad basis {ϑ a } followed by a duality rotation-write F = ρϑ 1 ∧ ϑ 2 , i.e., as a multiple of a single 2-form field multiplied by a well-defined real function ρ. This last result is called the Rainich-Wheeler theorem, and a simple proof using Clifford algebras methods is given in [27] . Having said that, please, note that ρϑ 1 ∧ ϑ 2 = θ a ∧ θ b in general.
We observe moreover that the metric of a general Lorentzian manifold (M, g) (Definition 2) can be written in a cotetrad basis {θ a } as
So, it is this sum that represents a gravitational field (supposed to be described by g) and notq ab µν , while the almost universal notation is g µν = η ab q a µ q b ν . Of course, the arguments that we give in [18, 19] against Sachs pretension of having obtained a 'unified' theory of gravitation and electromagnetism [23, 24] apply also to Evans considerations as presented in ME (and papers [4, 7, 8, 9, 10, 11] ), but we will not discuss this point any further here, because our main intention is to show that 'Evans Lemma' is a non sequitur. However we mention that Evans did not quote Sachs in ME, although he quoted extensively that author in his previous papers.
(c2) Consider the statement following Eq.(22E) in page 437 of ME, namely: "...The dimensionality of the tetrad matrix depends on the way it is defined: for example, using Eqs.(6E) (7E), (11E) or (12E), the tetrad is a 4 × 4 matrix; using Eq.(13E), it is a 2 × 2 complex matrix." This is a very misleading statement, which is a source in [6, 7, 8, 9, 10, 11] of confusion. Of course, it is always possible to give matrix representations to some objects of tensor analysis, this is a very well known fact. However the representation space must be well specified and when used in a physical context, care must be taken in order not to make false claims by doing wrong identifications. Indeed, let Q ∈ sec T 1,1 M. Such object (sometimes called a vector valued 1-form) can be written in the 'hybrid' basis
and can, of course be represented by a 4 × 4 real matrix in the standard way.
In particular, we can imagine a Q ∈ sec T 1,1 M such that Q a µ = q a µ . As we shall show below we cannot identify the components of the covariant derivative of Q in the direction of the vector field ∂ µ , i.e., (D ∂µ Q) a ν with the components of the covariant derivative of the θ a in the direction of the vector field ∂ µ , i.e., D µ q a ν , which is given by Eq.(37) below. As we shall see it is this wrong identification that leads to the ambiguous statement called 'tetrad postulate'.
For what follows we need to keep in mind that-as explained in the previous section-the functions q µ a , q a µ : ϕ(U ) → R are always real functions. The set {q a µ }, e.g., for each fixed a can be interpreted as the components of a covector field (namely θ a ) in the basis {dx µ } or for fixed µ as the components of the vector field ∂ µ in the basis {e a }. Also, the set {q µ a } for each fixed a can be interpreted as the components of the vector field e a in the basis ∂ µ . Other possibilities exist using the reciprocal bases introduced above and are left as exercise for the interested reader.
(c3) Consider the statement before Eq.(23E) of ME: "The tetrad is a vector-valued one-form, i.e., is a one-form q µ with labels a. If a takes values 1,2 or 3 of a Cartesian representation of the tangent space, for example, the vector
can be defined in this space. Each of the components q 1 µ ,q 2 µ or q 3 µ are scalar-valued one-forms of differential geometry [2] , and each of the q 1 µ ,q 2 µ , and q 3 µ is therefore a covariant four vector in the base manifold. The three scalar-valued one-forms are therefore the three components of the vector-valued one-forms q a µ , the tetrad form."
Well, that sentence contains a sequence of misconceptions. First, the tangent space to each e ∈ M, where M is the manifold where the theory was supposed to be developed is a real 4-dimensional space. So, as we observed in Remark 1, a must take the values 0, 1, 2, 3. More, as observed in Remark 3 the tangent spaces at different points of a general manifold M in general cannot be identified, unless the manifold possess some additional appropriate structure, which is not the case in Evans paper. As such, the objects defined in Eq.(23E) have nothing to do with the concept of tangent vectors, as Evans would like for future use in some identifications that he used in ME (and [4, 7, 8, 9, 10, 11] and also in some old papers that he signed alone or with the AIAS group and that were published in FPL and other journals 8 ) to justify some (wrong) calculations of his B(3) theory. This means also that q µ in Eq.(23E) cannot be identified with the basis vectors ∂ µ . They are simply mappings U → F (U) ⊗ R 3 , where F (U) is a subset of the set of (smooth) functions in U . We emphasize again: The vectors in set (i, j, k) as introduced by Evans are not tangent vector fields to the manifold M , i.e., they are not sections of T U . The set (i, j, k) is simply a basis of the real three-dimensional vector space R 3 , which has been introduced by Evans without any clear mathematical motivation.
It is clear from the wording used by Evans in all Section 1 of ME that he confounds components of vector (or covector) fields in a given basis, with the vector fields (covector fields), and if that point is not yet entirely clear to the reader it will become after reading the next section. It will become clear also that Evans simply did not understand the meaning of a covariant derivative operator, and this result induced him to believe in the validity of his 'Evans Lemma', which (unfortunately) is indeed a non sequitur.
Comments on the 'Tetrad Postulate'
Evans states in page 438 of ME that the following equation (that he said, is known as the tetrad postulate)
is the basis for the demonstration of Evans Lemma. Before we comment on that equation we must recall some notation. Let D be a covariant derivative 8 A very detailed discussion of the many non sequitur results of those papers is given in [2] .
A replic by Evans to that paper is to be found in Evans website.:http://www.aias.us/pub/rebutal/finalrebutaldocument.pdf. A treplic to Evans note can be found in: http://www.ime.unicamp.br/rel pesq/2003/ps/rp28-03.pdf. The reading of those documents is important for any reader that eventually wants to know some details of the reason we get involved with Evans theories. A complement to the previous paper can be found at http://arxiv.org/PS cache/math-ph/pdf/0311/0311001.pdf.
operator acting on sections of the tensor bundle. It is supposed to be metric compatible, i.e., Dg = 0, but it is not necessary for what follows to suppose that it is torsion free. 9 Now, given the coordinate bases {∂ µ }, {∂ µ }, {θ µ = dx µ }, {θ µ } and the orthonormal bases{e a }, {e a }, {θ a }, {θ a } defined in Section 2, we have the standard definitions of the connection coefficients in the respective basis,
Before continuing, we admit that we are studying a connection which is not teleparallel, i.e., there is no orthonormal basis such that D ea e b = 0, for all a, b = 0, 1, 2, 3. So, in general, ω c ab = 0 and
For every vector field V ∈ sec T U and a covector field C ∈ sec T * U we have
Using the well known properties (see, e.g. [3] ) of D, D ∂ µ V can be written as:
where the very used notation
has been used Also, we have
where the very used notation 10
has been used.
Remark 16
Eqs. (26) and (28) 
are the components of the covector field C in the basis {θ α }. This notation is used, e.g., in [3] .
Remark 17
The standard practice of many Physics textbooks of calling, e.g., D µ V α the covariant derivative of the "vector" field V α generates a lot of confusion, for many people, confounds the symbol D µ (appearing in D µ V α ) with the real covariant derivative operator, which is D ∂µ . 11 Also, in many Physics textbooks the symbol D µ is sometimes also used as a sloppy notation for the symbol D ∂µ , something that generates yet more confusion. Evans has not escaped from that confusion, and generated more confusion yet.
Remark 18 In analyzing Eqs. (26) and (28) we see that in the process of taking the covariant derivative the action of the basis vector fields ∂ α on a vector field V and on a covector field C are
from where we infer the rules 12 (to be used with care)
Next we recall that the connection D has been assumed to be not teleparallel, a statement that implies also
Take notice also that in general the q µ b cannot be all null (otherwise the e b = q µ b e µ would be null). Also in the more general case, ∂ µ q b ν = 0. Moreover, 10 Recall that other authors preffer the notations (D ∂µ V ) α = V α :µ and (D ∂µ C)α ≡ Cα:µ. What is important is to always have in mind the emaning of the symbols. 11 An explicit warning concerning this observation can be found at page 210 of [16] . θ a = q a α θ α = q a α dx α , and in general q a α = 0 and ∂ ν q a α = 0. It is now a wellknown freshman exercise presented in many good textbooks to verify that the following identity holds:
From Eq.(33) we have,
Then, since in general D e b θ a = 0 and q µ b = 0, we must have in general, ω a µν θ ν = 0 and thus D ∂ν θ a = 0.
Now, using Eq.(28) we can write
Then, from Eq.(36) and Eq.(37) it follows that (in general)
Having proved that crucial result for our purposes, recall that (see Eq. (23))
Then from Eq.(37) and Eq.(39) we get the proof of Eq.(34), i.e.,
This shows that the statement contained in Eq.(24E) that says that D µ q a ν = 0 is simply wrong.
Errors that Arise when Using
Observe that we can write for a covector field C we have from Eq.(28) that
Now, since C = C ν θ ν = C a θ a , we have that C ν = q a ν C a and we can write
where in going to the last line we used the 'freshman identity', i.e., Eq.(34). Now, if someone confounds the meaning of the symbols D µ C α with the covariant derivative of a vector field, taking into account that C α = q a ν C a he will use Eq.(45) to write the misleading equation
and someone must be tempted to postulate that D µ e a ν = 0 ('tetrad postulate'), for in that case he could apply the Leibniz rule to the first member of Eq.(46), i.e., he could write
The fact is that: (i) Whereas the symbols D µ C α are well defined, the symbol D µ (q a ν C a ) has no meaning as being equal to D µ C α (ii) It is not licit to apply the Leibniz rule for the first member of Eq.(47) The reason is the label a in each of the factors have different ontology. In q a ν , it is the ν component of the tetrad θ a , i.e., θ a = q a ν dx v . In the second factor a labels the components of the covector field C in the tetrad basis, i.e., C = C a θ a . In that way the term q a ν C a is not the contraction of a vector with a covector field and as such to apply the Leibniz rule to it, writing Eq.(47) is a nonsequitur. Some authors, like in [14] says that D µ q a ν = 0 in the sense of Eq.(45), i.e., D µ C α = q a ν (D µ C a ) and say that this needs a spin connection. This statement is equivocated. Of course, spin connections are needed when working with spinor fields (for details see [17] ), but the connection (covariant derivative operator) in the above formulas are the one acting in the tensor bundle, the one originally defined, it is not a new individual. Now, use the scalar functions q a ν to define the tensor Q ∈ sec
Then by definition, we have
due to the true 'freshman' identity (Eq. (34) ). Now, we can identify another source of the ambiguities referred in the introduction. Many people instead of using the symbols (D ∂µ Q) a ν uses for that objects the symbol D µ q a ν (calling it the 'covariant derivative of the tetrad'). However, that symbols have already been defined in Eq.(37) and have a different meaning. Thus to identify (D ∂ µ Q) a ν with D µ q a ν certainly results in a nonsequitur. In the present paper D µ q a ν is equal to (D ∂ µ θ a ) ν and not to (D ∂ µ Q) a ν . The ambiguous equation D µ q a ν = 0 (eventually meaning sometimes (D ∂ µ Q) a ν = 0) is unfortunately printed in many Physics textbooks 13 without the crucial information need to clearly identify its meaning and this fact, as we already said, may be a source of many misunderstandings. The author of [6, 7, 8, 9, 10, 11] (among many others) has not been immune to its harmful effects as we show below. But before doing that, we give an explicit counterexample to the tetrad postulate (when the interpretation of D µ q a ν is the one given by Eq.(37)) involving a very simple and well known Riemannian geometry. We hope that the example will convince even the more sceptical (who eventually read the books quoted in the references) about the legitimate of our claims.
A Counterexample to the 'Tetrad Postulate'
(i) Consider the structure (S 2 , g, D), where the manifoldS 2 = {S 2 \north pole} ⊂ R 3 is an sphere of radius R excluding the north pole, g ∈ sec T 2 0S 2 is a metric field forS 2 , the natural one that it inherits from euclidean space R 3 , and D is the Levi-Civita connection onS 2 .
(ii) Introduce the usual spherical coordinate functions (x 1 , x 2 ) = (ϑ, ϕ), 0 < ϑ < 2π, 0 < ϕ < π, which covers all the open set U which isS 2 with the exclusion of a semi-circle uniting the north and south poles.
(iii) Introduce first coordinate bases
for T U and T * U . 13 In particular the equation Dµq a ν = 0 is Eq.(3.133) that appears in Carroll [1] , and which has been quoted by Evans in ME. Carroll writes after obtaining his Eq.(3.132) at page 91 (which is Eq.(34) above) that "A bit of manipulation allows us to write this relation as the vanishing of the covariant derivative of the vielbein, Dµq a ν = 0." That last equation is called in [1] the tetrad postulate. Of course, this is wrong, since we just proved that with the meaning given in our text (and the one suggested by Eq.(3.122) of [1] , that defines the the symbols q ν a as the coefficients of the orthonormal cotetrad fields θ a in the coordinate basis {dx µ } of T * U ) in general Dµq a ν = 0. However, Eqs.(3.130) and (3.131) of Carroll suggests that he was eventually thinking when wrote that equation that the symbols Dµq a ν have the meaning (D ∂µ Q) a ν as defined by our Eq.(50). But if that was the case, this would be, of course, contradictory with the meaning of the symbols q a ν given by his Eq.(3.122), and which is indeed the necessary one to obtain the validity of the freshman identity.
(iv) Then,
(v) Introduce now the orthonormal bases {e a }, {θ a } for T U and T * U with
we read from Eq.(53) and Eq.(54),
(vii) Christoffel symbols. Before proceeding we put for simplicity R = 1. Then, the non zero Christoffel symbols are:
(viii) Then we have, e.g.,
D ∂1 θ 1 = 0 (64) (ix) We also have, e.g.,
Then, the symbols D 2 q 2 1 and D 2 q 2 2 are according to Eq.(37)
This seems strange, but is correct, because of the definition of the symbols D µ q a ν (see Eq.(26) and Eq. (28)) . Now, even if q 2 1 = 0, and q 2 2 = sin x 1 , we get,
For future reference we note also that
68) So, in definitive we exhibit a counterexample to the 'tetrad postulate' (when D µ q a ν is interpreted by Eq.(37)), because we just found, e.g., that D 2 q 2 1 = − cos x 1 = 0.
Note that in our example, if all the symbols D µ q a ν = 0, it would result that D e b e a = 0, for a, b = 1, 2. In that case the Riemann curvature tensor of D would be null and the torsion tensor would be non null. But this would be a contradiction, because in that case D would not be the Levi-Civita connection as supposed.
Different Connections on M
Of course, we can introduce in M many different connections [3] . In particular, if M is a spin manifold [17] , i.e., has a global tetrad {e a }, e a ∈ sec T * M , a = 0, 1, 2, 3 and has also a global cotetrad field {θ a }, θ a ∈ sec T * M , a = 0, 1, 2, 3 we can introduce a teleparallel connection-call it D-such that D e b θ a = 0.
(69) ¿From Eq.(69) we get immediately after multiplying by q b µ and summing in the index b that
Then, in this case D µ q a ν = D ∂µ θ a ν = 0 (71)
The important point here is that for the teleparallel connection, as it is wellknown the Riemann curvature tensor is null, but the torsion tensor is not null. Indeed, given vector fields X, Y ∈ sec T M , the torsion operator is given by (see, e.g., [3] )
First choose X = e a , Y = e b , with [e a , e b ] = c d ab e d . Then since the c d ab are not all null, we have
and the components T d ab of the torsion tensor are not all null. Now, if we choose X = ∂ µ and Y = ∂ µ , then since [∂ µ , ∂ ν ] = 0, we can write
where
So,
Now, e.g., in [14] , page 275, we read: "The nonminimimality of a nonminimal spin connection is conveniently measured by the so-called 'torsion' T a µν , defined by
Now, application of Eq.(12.1.7gsw) to calculate the components of torsion tensor, instead of Eq.(77) may generate confusion. First, observe that if the 'tetrad postulate' is adopted then, the torsion tensor results null for a teleparallel connection, and this is false, as we just proved. The use of Eq.(12.1.7gsw) may generate confusion also in the case of a Levi-Civita connection. To see this, let us compute the components of the torsion tensor for the case of the structure (S 2 , g, D) using Eq.(77) and Eq.(12.1.7gsw).
In the first case,
and the torsion tensor is zero, as it may be. In the second case, we have using Eqs. (66), (67) and (68) that
As conclusion of what has been said so far we have: if we utilizes a theory where the part D µ q a ν = 0 of Eq.(34E) is supposed to be true with the meaning of D µ q a ν being the one given by Eq.(37), we do not arrive at a theory containing Einstein's general relativity, contrary to the intention of Evans, which (implicitly) uses Einstein's equations to derive from the the 'Evans Lemma' some of the equations of a supposed 'unified field theory'.
Remark 19
Of course, we can define for the manifoldS 2 introduced in the previous section a metric compatible teleparallel connection c ∇ (the so-called navigator or Columbus connection), which is detailed, e.g., in [16] . For that particular connection the 'tetrad postulate' (with the meaning given by Eq.(37) is a valid statement. Remark 20 We recall that Göckeler and Schücker [13] asserts that the true identity given by Eq. (34) is (unfortunately) written as D µ q a ν = 0 as in Eq.(24E) and confused with the metric condition D ν g αν = 0. We now show that it generates even much more confusion than that. 6 Proof that the 'Evans Lemma' is a Non Sequitur
Evans asserts at page 440 of ME that the 'Evans Lemma' is a direct consequence of the 'tetrad postulate'. In saying that he assumes explicitly, as can be seen from his Eq.(36E) 14 , that the tetrad postulate is expressed by the equation D µ q a ν = 0, which as just showed is wrong. Another important error done by Evans in the derivation of his 'Evans lemma' is the following. From a true equation, namely, Eq.(40E)
where the symbol D µ V µ has the precise meaning discussed in Section 4, Remark 16 (but unfortunately unknown to Evans) he inferred Eq.(41E), i.e.,he wrote: 15
This equation has no mathematical meaning at all. Indeed, if the symbol D µ is to have the precise mathematical meaning disclosed in Section 4, then it can only be applied (with care) to components of vector (or covector) fields (as, e.g., in Eq. (40E)), and not to vector fields as it is the explicit case in Eq.(41E). If D µ is to be understood as really having the meaning of D ∂ µ then Eq.(41E) is incorrect, because the correct equation in that case is, as recalled in Eq.(23) must be : 
where = ∂ µ ∂ µ is called by Evans the D'Alembertian operator 16 and he said that R is the usual curvature scalar. One more comment is in order. After arriving (illicitly) at Eq.(49E), Evans assumes the validity of Einstein's gravitational equations 17 and write his 'Evans field equations', which he claims to give an unified theory of all fields... That equations are giving by Eq.(2E), which are
where κ is the gravitational constant and T is the trace of the energy-momentum tensor. We claim that Eq.(2E) is wrong. So, to complete this report we exhibit in the next section the correct equations satisfied by the tetrad fields representing a gravitational field in General Relativity. In order to do that we introduced some mathematics of the theory of Clifford bundles as developed, e.g., in [19] . See also [20] for details of the Clifford calculus and some of the 'tricks of the trade'. T * M = ∪ e∈M T * e M can then be thought [19] as "imbedded" in Cℓ(T * M ). In this way sections of Cℓ(T * M ) can be represented as a sum of nonhomogeneous differential forms. Let {e a } ∈ sec T M, (a = 0, 1, 2, 3) be an orthonormal basis g(e a , e b ) = η ab = diag(1, −1, −1, −1) and let {θ a } ∈ sec 1 T * M ֒→ sec Cℓ(T * M ) be the dual basis. Moreover, we denote as in Section 2 by g the metric in the cotangent bundle.
An analogous construction can be done for the tangent space. The corresponding Clifford bundle is denoted Cℓ(T M ) and their sections are called multivector fields. All formulas presented below for Cℓ(T * M ) have corresponding ones in Cℓ(T M ).
Clifford product, scalar contraction and exterior products
The fundamental Clifford product 19 (in what follows to be denoted by juxtaposition of symbols) is generated by θ a θ b + θ b θ a = 2η ab and if C ∈ sec Cℓ(T * M ) we have [19, 20] 
where θ 5 = θ 0 θ 1 θ 2 θ 3 is the volume element and s, v a , b cd , a abc , p ∈ sec
. For r = s = 1, we define the scalar product as follows:
We also define the exterior product (∀r, s = 0, 1, 2, 3) by
where k is the component in the subspace k T * M of the Clifford field. The exterior product is extended by linearity to all sections of Cℓ(T * M ).
For A r = a 1 ∧ ... ∧ a r , B r = b 1 ∧ ... ∧ b r , the scalar product is defined as
We agree that if r = s = 0, the scalar product is simple the ordinary product in the real field.
Also, if r = s, A r · B s = 0 .
For r ≤ s, A r = a 1 ∧ ... ∧ a r , B s = b 1 ∧ ... ∧ b s we define the left contraction by
where ∼ denotes the reverse mapping (reversion)
and extended by linearity to all sections of Cℓ(T * M ). We agree that for α, β ∈ 
Hodge star operator
Let ⋆ be the usual Hodge star operator ⋆ :
Then we can show that if A p ∈ sec p T * M ֒→ sec Cℓ(T * M ) we have
This equation is enough to prove very easily the following identities (which are used below):
Let d and δ be respectively the differential and Hodge codifferential operators acting on sections of T * M . If ω p ∈ sec p T * M ֒→ sec Cℓ(T * M ), then δω p = (−) p ⋆ −1 d ⋆ ω p , where ⋆ −1 ⋆ = identity. When applied to a p-form we have ⋆ −1 = (−1) p(4−p)+1 ⋆ .
Action of D ea on Sections of Cℓ(T M) and Cℓ(T * M)
Let D ea be a metrical compatible covariant derivative operator acting on sections of the tensor bundle. It can be easily shown (see, e.g., [17] ) that D ea is also a covariant derivative operator on the Clifford bundles Cℓ(T M ) and Cℓ(T * M ). Now, if A p ∈ sec p T * M ֒→ sec Cℓ(M ) we can show, very easily by explicitly performing the calculations 20 that
where the ω ea ∈ sec 2 T * M ֒→ sec Cℓ(M ) may be called Clifford connection 2-forms. They are given by:
where (in standard notation) 20 A derivation of this formula from the general theory of connections can be found in [19] .
Dirac Operator, Differential and Codifferential
Definition 21 The Dirac (like) operator acting on sections of Cℓ(T * M ) is the invariant first order differential operator
We can show (see, e.g., [21] ) that when D ea is the Levi-Civita covariant derivative operator (as assumed here), the following important result holds:
(97)
Definition 22
The square of the Dirac operator ∂ 2 is called Hodge Laplacian.
Some useful identities are:
Covariant D'Alembertian, Ricci and Einstein Operators
In this section we study in details the Hodge Laplacian and its decomposition in the covariant D'Alembertian operator and the very important Ricci operator, which do not have analogous in the standard presentation of differential geometry in the Cartan and Hodge bundles, as given e.g., in [3] .
Remembering that ∂ = θ α D eα , where {e α } ∈ F (M ) is an arbitrary frame 21 and {θ α } its dual frame on the manifold M and D is the Levi-Civita connection of the metric g, such that
we have:
Next we introduce the operators:
Definition 23 We call = ∂ · ∂ the covariant D'Alembertian operator and ∂ ∧ ∂ the Ricci operator.
The reason for the above names will become obvious through propositions 25 and 26.
Note that we can write:
or,
Before proceeding, let us calculate the commutator [θ α , θ β ] and anticommutator {θ α , θ β }. We have immediately
where c ρ αβ are the structure coefficients (see. e.g., [3] ) of the basis {e α }, i.e., [e α , e β ] = c ρ αβ e ρ . Also,
Eq.(105) defines the coefficients b ρ αβ which have a very interesting geometrical meaning as discussed in [26] . and we conclude that:
Finally, multiplying this equation by g αβ and using the Eq.(101a), we get the Eq.(107).
The Ricci operator ∂ ∧ ∂ can be written as:
Proof. It is a trivial exercise, left to the reader. Applying this operator to the 1-forms of the frame {θ µ }, we get:
where R ρ µ αβ are the components of the Riemann curvature tensor of the connection D. We can write using the first line in Eq.(89)
The second term in the r.h.s. of this equation is identically null because of the Bianchi identity satisfied by the the Riemann curvature tensor, as can be easily verified. That result that can be coded in the equation:
For the term R µ ρ θ ρ we have (using Eq.(85) and the third line in Eq.(89)):
where R µ β are the components of the Ricci tensor of the Levi-Civita connection D of g. The above results can be put in the form of the following
where R µ = R µ β θ β are the Ricci 1-forms of the manifold. The next proposition shows that the Ricci operator can be written in a purely algebraic way:
Proposition 27
The Ricci operator ∂ ∧ ∂ satisfies the relation:
where R ρσ = g ρµ R σ µ = 1 2 R ρσ αβ θ α ∧ θ β are the curvature 2-forms.
Proof. The Hodge Laplacian of an arbitrary r-form field ω = 1 r! ω α1...αr θ α1 ∧ . . . ∧ θ αr is given by: (e.g., [3] -recall that our definition differs by a sign from that given there)
where the notationα means that the index α was exclude of the sequence. The first term in the r.h.s. of this expression are the components of the covariant D'Alembertian of the field ω, then,
and also,
Hence, taking into account Eq.(102), we conclude that:
for every r-form field ω.
Observe that applying the operator given by the second term in the r.h.s. of Eq.(114) to the dual of the 1-forms θ µ , we get:
where we have used the Eqs.(92). Then, recalling the definition of the curvature forms and using the Eq.(85), we conclude that:
where R is the scalar curvature of the manifold and the G µ may be called the Einstein 1-form fields.
That observation motivate us to give the Definition 28 The Einstein operator of the manifold associated to the Levi-Civita connection D of g is the mapping : sec Cℓ(T * M )→ sec Cℓ(T * M ) given by:
Obviously, we have:
In addition, it is easy to verify that ⋆ −1 (∂ ∧∂)⋆ = −∂ ∧∂ and ⋆ −1 (R σ ∧θ σ )⋆ = R σ θ σ ∧. Thus we can also write the Einstein operator as:
Another important result is given by the following proposition:
Proposition 29 Let ω µ ρ be the Levi-Civita connection 1-forms fields in an arbitrary moving frame {θ µ } ∈ sec F (M ) on (M, D, g). Then:
that is,
Proof. We have
and ω σ ρ · ω µ σ = (γ σ βρ θ β ) · (γ µ ασ θ α ) = g βα γ µ ασ γ σ βρ . Then,
Eq.(122b) is proved analogously. Now, for an orthonormal coframe {θ a } we have immediately taking into account that
8 Equations for the Tetrad Fields θ a
Here we want to recall a not well known face of Einstein's equations, i.e., we show how to write the field equations for the tetrad fields θ a in such a way that the obtained equations are equivalent to Einstein's field equations. This is done in order to compare the correct equations satisfied by those objects with equations proposed for those objects that appeared in ME and also in other papers authored by Evans (some quoted in the reference list).
Proposition 30 Let M =(M, g, D, τ g , ↑) be a Lorentzian spacetime and also a spin manifold, and suppose that g satisfies the classical Einstein's gravitational equation, which reads in standard notation 23 : 
Corollary 31 When θ a is an exact differential, and in this case we write θ a → θ µ = dx µ and if the coordinate functions (defined for U ⊂ M ) are harmonic, i.e., δθ µ = −∂θ µ = 0, Eq.(127) becomes 24
Proof. It is a trivial exercise. Note that in a coordinate chart of the maximal atlas of M covering U ⊂ M Eq.(129) can be written as
with R µ = R µ ν dx ν and T µ = T µ ν dx ν , θ µ = dx µ . Eq.(132) looks like an equation appearing in some of Evans papers, but the meaning here is very different.
We recall that in ME it is wrongly derived that the equations for θ a , a = 0, 1, 2, 3 are the equations 25 ( + T )θ a = 0.
Correct Equation for the Electromagnetic Potential A
In [7, 8, 9] Evans explicitly wrote several times that the "electromagnetic potential" A in his theory (a 1-form with values in a vector space) satisfies the following wave equation, ( + T )A = 0. Now, this equation cannot be correct even for the usual U (1) gauge potential of classical electrodynamics 26 A ∈ sec 1 T * M ⊂ sec Cℓ(T * M ). To show that let us first recall how to write electrodynamics in the Clifford bundle.
Maxwell Equation
Maxwell equations in the Clifford bundle of differential forms resume in one sin- 24 A somewhat similar equation with some (equivocated) extra factors of 2 appears in [15] . 25 Here we wrote the equation in units where κ = 1, 26 Which must be one of the gauge components of the gauge field. 27 Then, there is no misprint in the title of this subsection.
Eq.(133) is equivalent to the pair of equations dF = 0, (134) δF = −J e .
Eq.(134) is called the homogeneous equation and Eq.(135) is called the nonhomogeneous equation. Note that it can be written also as:
Now, in vacuum Maxwell equation reads
where F = ∂A = ∂ ∧ A = dA, if we work in the Lorenz gauge ∂ · A = ∂ A = −δA = 0. Now, since we have according to Eq.(??) that ∂ 2 = −(dδ + δd),we get ∂ 2 A = 0.
Using Eq.(115) (or Eq.(103) coupled with Eq.(114)) and the coordinate basis introduced above we have,
Then, we see that Eq.(138) reads in components 28
Finally, we observe that in Einstein's theory, R ν µ = 0 in vacuum, and so in vacuum regions we end with:
(141)
Conclusions
We discussed in details in this paper the genesis of an ambiguous statement called 'tetrad postulate'. We show that if the 'tetrad postulate' is not used in a very special context it may produce a lot of nonsense. We debunk also the 'unified field theory' of Evans and the AIAS group, by showing that the so called 'Evans Lemma' of differential geometry is a false statement. To end we give some pertinent additional comments.
At page 442 of ME, concerning his discovery of the 'Evans Lemma', i.e., the wrong Eq.(2E), the author said:
'The Lemma is an identity of differential geometry, and so is comparable in generality and power to the well-known Poincaré Lemma [14] . In other words, new theorems of topology can be developed from the Evans Lemma in analogy with topological theorems [2, 14] from Poincaré Lemma. ' Well, we leave to the reader to judge the value of that statement. Note that we are not going to comment on the many errors of Section 3 of ME, but we emphasize that they are subtle confusions as the ones described above or of the same caliber as the following on that we can find in [4] and which according to our view is a very convincing proof of the sloppiness of [6, 7, 8, 9, 10, 11] and other papers from that author and collaborators. Indeed, e.g., in [4] , Evans and his coauthor Clements 29 try to identify Sachs supposed 30 'electromagnetic' field (which Sachs believes to follow from his 'unified' theory) with a supposed existing longitudinal electromagnetic field predicted by Evans 'theory', the so-called B(3) mentioned several times in ME and the other papers we quoted. Well, on [4] we can read at the beginning of section 1.1:
"The antisymmetrized form of special relativity [1] has spacetime metric given by the enlarged structure The * operator denotes quaternion conjugation, which translates to a spatial parity transformation." Well, we comment as follows: the * is not really defined anywhere in [4] . If it refers to a spatial parity operation, we infer that σ 0 * = σ 0 and σ i * = −σ i . Also, η µν is not defined, but Eq.(3.5) of [4] makes us to infer that η µν = diag(1, −1, −1, −1). In that case Eq.(1.1) above (with the first member understood as η µν σ 0 ) is true but the equation {σ µ , σ ν } = 2δ µν is false. Enough is to see that {σ 0 , σ i } = 2σ i = 2δ 0i .
We left to the reader who fells expert enough on Mathematics matters to set the final judgment.
